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Abstract
By analyzing hot-wire velocity data taken in an open
channel flow, an unambiguous definition of surface-layer
thickness is here provided in terms of the cross-over scale
between backward and forward energy fluxes. It is shown
that the turbulence in the surface layer does not con-
form to the classical description of two-dimensional tur-
bulence, since the direct energy cascade persists at scales
smaller than the cross-over scale, comparable with the
distance from the free-surface.
The multifractal analysis of the one-dimensional sur-
rogate of the turbulent kinetic energy dissipation rate
in terms of generalized dimensions and singularity spec-
trum indicates that intermittency is strongly depleted in
the surface layer, as shown by the singularity spectrum
contracted to a single point.
The combination of intermittency indicators and en-
ergy fluxes allowed to identify the specific nature of
the surface layer as alternative to classical paradigms
of three- and two-dimensional turbulence which cannot
fully capture the global behavior of turbulence near a
free-surface.
——————————————————-
Fluid turbulence at the free surface is crucial in many
natural contexts where transport across the interface is
involved. The free-surface alters the turbulent velocity
fluctuations in a surface layer near the interface whose
explicit determination is still debated in the literature.
A consequence is, for instance, that inertialess floaters
(e.g. phytoplankton) distribute unevenly on the inter-
face along patch- and string-like structures [1, 2], a con-
dition that, presumably, forced the behavioral adaptation
of planktonic predators in their seek for preys [3–5].
On a free-surface the boundary conditions are the van-
ishing of tangential shear stresses and, in case of absence
of waves, the annihilation of the vertical velocity fluc-
tuations. This combination of constraints allow for the
presence of the sole normal-vorticity component at the
interface, such that the energy containing structures are
related to vortices connected to the free-surface [6]. Vor-
tical structures parallel to the interface can exist below
the free-surface in a range of scales becoming smaller
and smaller as the distance from the free-surface is re-
duced [7–9], resembling two-dimensional turbulence un-
der many respects [10]. In particular, k−5/3 and k−3
power laws are expected to emerge at low and high wave
numbers, respectively, along with an inverse energy flux
from mid- to low-wave numbers [11], [12].
Despite the similarity with purely 2D turbulence, the
free-surface layer is substantially more complex, given
the non zero two-dimensional surface divergence associ-
ated with exchange of mass and momentum between free-
surface layer and the underneath bulk flow. The range of
validity of the two expected scaling laws depends on the
distance from the free-surface. Moreover, resolution is-
sues and limitations on the Reynolds number make some-
what difficult to precisely identify scaling exponents due
to the relatively small extension of the respective scal-
ing ranges. Purpose of the present Letter is to address
a different class of observables, basically intermittency
indicators, in order to detect in a more clear way the
presence and nature of the free-surface layer.
It is known that the three-dimensional direct cascade
of energy is highly intermittent and the moments of
the coarse-grained energy dissipation rate scale with the
coarse graining length [13]. In two-dimensional turbu-
lence, instead, the inverse cascade and the dissipation
field are non intermittent [14–16]. In a sequence of sem-
inal papers [17–19], the turbulent kinetic energy dissi-
pation field is regarded as being supported on an inho-
mogeneous fractal characterized by a spectrum of fractal
dimensions. This approach is exploited in this work to
assess the modification induced by the free-surface on
the structure of the turbulence in an open channel flow.
Times series of streamwise velocity component are ac-
quired by a constant temperature hot wire probe at two
different Reynolds numbers. The spectra are consistent
with the expected double scaling law. However the scal-
ing turns out to be not sufficiently clean to confirm the
theoretical interpretation. The effect of the free-surface
on the turbulence statistics is instead extremely clear
when analyzed in terms of fractal properties of the longi-
tudinal velocity signals. The multifractal spectrum f(α)
of the energy dissipation field reveals a substantial reduc-
tion of intermittency moving from the bulk to the free-
surface. The velocity measurements are performed in an
open channel at Reynolds number Re = 33400 where
Re = UmaxH/ν with Umax the average velocity at the
free-surface, H the channel depth (H = 133 mm) and ν
the kinematic viscosity. The full length of the channel
is 27 m and it is 0.6 m wide. The measurement station
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2FIG. 1: Mean velocity profile at Re = 33400, open cir-
cles. The corresponding friction Reynolds number is Reτ =
h
√
τw/ρ/ν = 1250. Data are compared with the (closed)
channel flow DNS at Reτ = 950 [20], continuous line. In the
inset: root mean square velocity fluctuations, same symbol
of the mean figure. The highlighted symbols denote the po-
sition along the profile where the subsequent intermittency
analysis is performed (open square, filled circle and square
correspond to 0.5 mm (y/H = .99), 40 mm (y/H = .77) , and
68 mm (y/H = .49) below the free-surface, respectively).
is placed at two-thirds of the length from the inlet. The
streamwise velocity component is measured with a 1 mm
wide, 4 µm thick hot wire probe, working at constant
temperature with an over heat ratio of 1.03. Several dis-
tances from the free-surface are considered with 220 sam-
ples acquired at a frequency of 3000 Hz at each position.
Figure 1 shows the mean velocity profile across the
channel expressed in inner variables, y+ = y
√
τw/ρ/ν,
where the shear stress τw at the bottom of the channel
is evaluated via a Clauser diagram [21]. The root mean
square velocity fluctuation, urms, is shown in the inset.
The increase of the turbulent intensity close to the free
surface is consistent with other experimental data avail-
able in literature [22].
In the analysis described below the time signal of the
streamwise velocity component u(t) is converted in spa-
tial variables u(x) through the so-called Taylor hypothe-
sis of frozen turbulence, x = U0t, where U0 is the local av-
erage streamwise velocity. Where necessary, u′ = u− U0
will denote the velocity fluctuation. The reason for using
Taylor hypothesis is the need for the one-dimensional sur-
rogate of the dissipation rate, ¯ = 15ν(∂u′/∂x)2, where
the bar denotes averaging.
Two typical spectra are shown in figure 2 correspond-
ing to the positions along the velocity profile highlighted
by the open and filled squares in figure 1. The spectra are
plotted against the dimensionless wavenumber kη, where
FIG. 2: Velocity Spectra. Same case as in figure 1, open and
filled squares denote data acquired 0.5 mm and 68 mm below
the free-surface, respectively.
η = (ν3/)1/4 is the local Kolmogorov length. At large
scales, low wave numbers, the spectra approach a classi-
cal k−5/3 scaling range. At small scales the slope of the
spectrum for the data at the free-surface is close to −3.
It should be noted that, overall, the two spectra do not
exhibit striking differences.
It is conjectured that, in a range of scale compara-
ble with the distance from the free-surface, the turbulent
fluctuations reproduce the behavior of two-dimensional
turbulence. If this is the case, the k−5/3 scaling range
should correspond to a backward cascade, with energy
moving from smaller to the larger scales. The eventual
forward- and backward-scattering flux of energy is scruti-
nized by applying a low-pass filter G∆(r) = ∆
−2G(r/∆)
to the velocity signal [11, 12, 23], like usually done in
large eddy simulation. In the present case G(r) is Gaus-
sian. Denoting by q = u2/2 the (total) instantaneous
kinetic energy, the corresponding coarse-grained field is
q˜(x) =
∫
q(y)G∆(x− y)dy. The balance equation for the
large-scale turbulent kinetic energy reads
∂tq˜ + ∂j (q˜ u˜j) = ∂j (−2p˜ u˜j − 2u˜iτij) + 1
Reτ
∂j (q˜)
− 2
Reτ
∂j u˜i ∂j u˜i + 2τijS˜ij , (1)
where τij = u˜iuj−(u˜iu˜j) is the subgrid scale stress (SGS)
tensor and S˜ij = (∂j u˜i + ∂iu˜j) /2 the large scale rate of
strain tensor. The SGS dissipation Π˜∆ = τijS˜ij repre-
sents the instantaneous energy transfer across the filter
scale ∆. When Π˜∆ is positive, the energy is transferred
from smaller to larger scales, backward energy flux. Π˜∆
negative would indicate a classical forward scattering of
energy. The quantity of interest here is the average SGS
dissipation rate Π∆ = Π˜∆ shown in figure 3 as a function
3of the filter width ∆. In the bulk flow negative values of
Π∆ at relatively small scales confirm the expected di-
rect energy transfer. At larger scales, energy injection by
the average shear leads to cascade invertion, producing a
positive energy transfer. In the bulk flow the cross-over
∆0 between direct (at small scales) and inverse cascade
(at large scales) is related to the so-called shear scale
Ls =
√
¯/S3 which characterizes the range where energy
is injected by the average shear S = dU0/dy [24, 25].
In the bulk, the cross over scale increases monotonically
with increasing distance from the bottom of the channel,
see the circles in the inset of the figure. At a certain
critical distance the trend is reversed and the crossover
scale starts decreasing with further approach to the free
surface. This is the region where the free surface di-
rectly influences the turbulence, square symbols in the
figure. In this surface layer the direct cascade occurs
in a range at small scales that becomes narrower and
narrower the closer the free-surface is approached (de-
creasing ∆0), while an inverse cascade occurs at larger
scales. We stress that the inverse cascade in this case is
not related to the injection of energy by the local shear,
as it is instead the case in the bulk flow, since near the
free-surface the shear vanishes. Overall, these features of
the surface layer may be expected considering that the
scales smaller than the distance from the free-surface are
not directly influenced. On the other hand, larger scales
directly feel the constraint imposed by the interface.
The data discussed so far show that the surface defi-
nitely influences the structure of the turbulence, although
a qualitative difference does non seem to emerge in a clear
way from the energy spectra. The main clue is given by
the behavior of the cross-over scale ∆0 hinting at the
presence of a surface layer. As we will show below, the
multifractal description [26] turns out to be much more
sensitive to the near free-surface dynamics.
The multifractal formalism is used to describe the sta-
tistical properties of the 1D turbulent kinetic energy dis-
sipation rate estimator (x) in terms of its singularity
spectrum. Since  is positive definite it can be inter-
preted as a measure. We cover the support of the dis-
sipation rate with N line segments Bi(r) of length r
and define Pi(r) = C
∫
Bi(r)
(x)dx the measure of the
ith segment, where C is a normalization constant. A
range of scales is identified where scaling laws of the form
Pi(r) ∝ r˜α are observed, with αmin ≤ α ≤ αmax and
the tilde denotes normalization with the local correlation
length. In principle, the spectrum of fractal dimensions
f(α) can be extracted by counting the number of seg-
ments dN(α) where the exponent is in the range α and
α + dα, dN(α) ∝ ρ(α)r˜−f(α)dα, being ρ(α) a smooth
function independent of r˜.
In practice, the multifractal spectrum is more conve-
niently evaluated starting from the the generalized di-
mensions Dq defined as the scaling exponents of the qth
moments of the measure Pi(r), Mq(r) =
∑
i P
q
i (r) =〈
P q−1(r)
〉 ∝ r˜(q−1)Dq , with 〈·〉 the ensemble average.
They characterize the unevenness of the measure: mo-
FIG. 3: Normalized average coarse grained energy flux Π∆/¯
as a function of the coarse-graining scale ∆ normalized with
the correlation length Lc (symbols correspond to those used in
figure 1. Inset, cross-over ∆0 between direct (at small scales)
and inverse cascade (at large scales) along the channel height.
ments of positive order (q > 0) are dominated by regions
where the dissipation is concentrated, the more so, the
larger is q. Moments with negative order put instead
more weight on low-dissipation regions. In particular,
Dq=0 is the dimension of the support, i.e. the Hausdorff
or fractal dimension.
The singularity spectrum f(α) can be retrieved from
the generalized dimensions Dq. By rewriting the mo-
ments as
Mq(r) ∝
∫ αmax
αmin
dαρ(α)rαq−f(α), (2)
the integral can be evaluated using a saddle point
approximation. The leading term is identified from
d [qα− f(α)] /dα = 0. Given that d2 [qα− f(α)] /dα2 >
0, i.e. f ′′ [α(q)] < 0, it follows f ′ [α(q)] = q. Hence
Mq(r) ∝ rqα(q)−f(α(q)), that is τ(q) = (q − 1)Dq =
qα(q)− f [(α(q)]. In other words, τ(q) and f(α) are the
Legendre transform one of the other. Inverting the Leg-
endre transform, we have f(α) = αq(α)− τ [q(α)], where
q (α) is the solution of dτ(q)/dq = α.
Figure 4 illustrates the main result of the paper, show-
ing the different moments in the range −3 ≤ q ≤ 3 where
good statistical convergence is achieved, see Supplemen-
tal Information [27]. Two data sets are displayed, one
relative to the bulk and the other to the surface layer.
In both cases the data are analyzed at separations corre-
sponding to the putative inertial range.
The data in the bulk flow, filled symbols, show a de-
creasing trend for the generalized dimensions as the order
of the moment increases. On the contrary, for data in the
surface layer, empty symbols, the generalized dimensions
4FIG. 4: Generalized dimension D(q) vs q. Left inset: pdf of
the longitudinal velocity increments δu/σ at different scale
separations δ. Symbols: open squares, δ = 0.07 kη, filled
gradients, δ = 0.5 kη. σ: root mean square of the veloc-
ity increments. Thin black line, reference Gaussian distribu-
tion. Right inset: multifractal spectrum obtained by Legen-
dre transform of D(q). Same symbols of figure 1.
are constant at increasing q. In more details, the energy
dissipation rate in the bulk flow presents singularity in-
dices α ranging from αmin = 0.64 to αmax = 1.54, see the
filled symbols in the inset on the right of figure 4, typi-
cal of the intermittency found in other three-dimensional
configurations such as wakes behind obstacles and atmo-
spheric turbulence [28]. As we move the measurement
probe towards the free surface, intermittency is consider-
ably reduced and in the limit where D(q) = constant ∀q
the singularity spectrum is reduced to a point, i.e., the
system becomes monofractal, empty symbols in the inset
of figure 4. As a consequence the dissipation field does
not exhibit intermittency in the surface layer.
The inset on the left of figure 4 shows the pdf of the
velocity increments in log-lin coordinates to highlight the
tails of the distributions. Reduction of intermittency, de-
scribed in terms of deviation from gaussianity, is appar-
ent moving from the bulk (filled symbols) to the surface
layer (open symbols).
In conclusion, the experimental result we have dis-
cussed confirm that the free-surface deeply modifies the
structure of the turbulence, in a layer close to the in-
terface. The inter-scale energy flux highlights regions of
forward and backward cascade both in the bulk and in
the near-surface region. The backward flux close to the
free-surface is however of a different nature. In particu-
lar, it is not sustained by the mean shear, as it happens
in the bulk region. We have shown that the surface layer
can be unambiguously identified by the behavior of the
cross-over scale between backward and forward cascade.
At the distance from the free-surface corresponding to the
thickness of the surface layer the cross-over scale present
a well defined maximum.
The multifractal analysis of the dissipation field in
terms of generalized dimensions and singularity spectrum
provided evidence of a strong reduction of intermittency
in the energy dissipation rate at the free-surface: while
the singularity spectrum in the bulk reproduces the well
known features observed in classical three-dimensional
turbulence, the spectrum at the free surface is contracted
to a single point. As a consequence the multifractal na-
ture of the dissipation field is lost and the signal becomes
non-intermittent. This conclusion is confirmed by the
near-Gaussian behavior of velocity increments.
The free-surface layer shares several characteristics
with two-dimensional turbulence: i) a range of inverse
cascade at larger scales; ii) a concurrent reduction of in-
termittency in the dissipation field. There is however
a significant difference, namely a direct energy cascade
range at small scales not found in purely two-dimensional
turbulence. This direct energy cascade is observed at lon-
gitudinal scales smaller than the distance from the free
surface.
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